We theoretically and experimentally investigate light diffusion in disordered meso-macroporous materials with a cylindrical shape. High Internal Phase Emulsion (HIPE)-based silica foam samples, exhibiting a polydisperse pore-size distribution centered around 19 μm to resemble certain biological tissues, are realized. To quantify the effect of a finite lateral size on measurable quantities, an analytical model for diffusion in finite cylinders is developed and validated by Monte Carlo random walk simulations. Steady-state and time-resolved transmission experiments are performed and the transport parameters (transport mean free path and material absorption length) are successfully retrieved from fits of the experimental curves with the proposed model. This study reveals that scattering losses on the lateral sides of the samples are responsible for a lowering of the transmission signal and a shortening of the photon lifetime, similar in experimental observables to the effect of material absorption. The recognition of this geometrical effect is essential since its wrong attribution to material absorption could be detrimental in various applications, such as biological tissue diagnosis or conversion efficiency in dye-sensitized solar cells.
Introduction
Disordered optical media are ubiquitous in nature, and a proper description of light propagation in such materials is crucial for a number of applications, ranging from the study of radiation transport in the atmosphere [1, 2] to the optical characterization of complex materials [3, 4] , to the optical diagnosis of the human body [5, 6] . In biomedical and material sciences, optical (or photon) time-of-flight spectroscopy has been used quite extensively to infer the microscopic properties of turbid media (density and size of the scattering heterogeneities, intrinsic absorption, ...) from macroscopic observables (typically, the time-resolved transmission) [7] [8] [9] When light experiences many scattering events in a disordered material and the scattering mean free path is much larger than the wavelength, macroscopic transport can be well described by a classical diffusion equation [15] . For practical convenience in theory and experiments, it is then common to consider disordered media in slab geometries, where the sample is finite along one direction and assumed infinite along the other two directions. Analytical expressions for the steady-state and time-resolved optical responses in slabs are well-established [7, [16] [17] [18] and such geometries are commonly used in studies on wave phenomena in disordered media [19] [20] [21] [22] [23] [24] . However, in several situations, such as samples of biological tissues or of pharmaceutical solids, as discussed above, the systems can differ from an ideal slab geometry. The macroscopic dimensions of the sample and the related boundary conditions are expected to affect the overall diffusion process and the resulting optical phenomenon under study (see, e.g., [25] on random lasing). Properly assessing the microscopic properties of disordered media therefore requires taking these characteristics into account.
In this paper, we investigate light diffusion in cylindrically-shaped disordered materials, where the samples diameter is comparable to their thickness. Our scope is to describe quantitatively the effect of the finite lateral sample size on measurable quantities. For this purpose, we merge together knowledge in multiple light scattering and in material design and fabrication. The samples are High Internal Phase Emulsion (HIPE)-based silica foams, engineered such that they exhibit a polydisperse pore-size distribution similar to certain biological tissues. Fabrication and structural characterization details are given in Sec. 2. In Sec. 3, we present a diffusion model to obtain analytical expressions for the steady-state and time-resolved transmission along the cylinder axis, and validate it with Monte Carlo simulations of random walks in finite cylinders. The steady-state and time-resolved optical experiments, performed on samples of different thicknesses, are presented in Sec. 4. An important finding is that lateral scattering losses can easily be misinterpreted as material absorption, which would clearly be detrimental to the optical spectroscopy of turbid media in general (biological tissues, colloids, powders, etc). Nevertheless, we show that the correct transport parameters (transport mean free path and material absorption length) can be retrieved with good accuracy from fits of the experimental curves with the derived analytical expressions.
Material fabrication and structural characterization
A state-of-the-art bottom-up approach was used to realize strongly scattering HIPE-based silica foam samples with well-controlled morphologies and textures (wall thickness, curvatures, textural topologies, degree of mesoporosity and cell diameter) [26] . This emulsion route to prepare porous hierarchical structures allows light to penetrate the porous matrices through the internal surface specificity. The density and size distribution of the pores (which determine the disor- dered state of the foams) can be controlled through the adjustment of the oil volumic fraction f and the shearing rate. Tetraetoxy-orthosilane (Si(OEt) 4 , TEOS) and tetradecyltrimethylammonium bromide 98% (C 14 H 29 NBr(CH 3 ), TTAB) were purchased from Fluka, HCl 37% and dodecane 99% were purchased from Prolabo. Procedures are based on the use of both micelles and direct concentrated emulsion templates [26] . Typically 5.7 g of TEOS are added to 16.5 g of TTAB aqueous solution at 35% in weight. The aqueous mixture is then brought to a pH value close to 0 (6.7 mL of HCl 37%) leading, after the oil emulsification process, to the materials labelled as SiO 2 (HIPE). These macrocellular foams emerge from the use of a starting concentrated direct emulsion at oil volumic fraction ( f = 0.67), where 35 g of dodecane are emulsified.
SEM observations were performed with a Jeol JSM-840A scanning electron microscope operating at 10 kV. The specimens were gold-coated or carbon-coated prior to examination. Final inorganic monolith-type materials ( Fig. 1(a) and inset) depict typical polymerized HIPE-type interconnected macroporous textures with polydisperse cellular sizes within the micrometer range [27] . At this point we would like to note that we call windows the holes that separate two adjacent macroscopic cells. For the starting emulsion oil volumic fraction f = 0.67, the macrocellular cell sizes are in the range 5-50 μm, with a mean value of 19 μm and a standard deviation of 9.6 μm ( Fig. 1(b) ). Such a foam closely resembles a population of epithelial cells [10] , as mentioned previously, and could therefore have an interest for biological tissue diagnosis. Considering the emulsion rheology, it is well known that the viscosity of direct emulsions increases dramatically when the oil volumic fraction are reaching values above f = 0.74 [28] [29] [30] . This phenomenon increases the stress applied on the oily droplets, inducing smaller macrocellular cells within the solid stat replica. For the starting emulsions of the SiO 2 (HIPE) materials considered here, we do not reach this limit. The macroporous monolithic texture resembles aggregated polydisperse hollow spheres. In such low pH conditions, the polycondensation is strongly Euclidian [31] (dense) and starts at the oil/water interface. The latter is promoting silica condensation by minimizing the nucleation enthalpy, acting so as a defect [27] . As the oil-water interface of an emulsion is associated to a higher surfactant concentration than the core of the continuous aqueous phase [28] [29] [30] , this specific region of high surfactant concentration is also enhancing silica condensation by minimizing electrostatic repulsions.
In order to both provide foams skeletal, bulk densities and quantify the macroscale void windows distributions, we performed mercury intrusion porosimetry measurements (Table 2) . It is worth mentioning that this technique measures the size of the macroscopic pore "windows" between the emulsion templated cells and not the diameter of the cells themselves. The skeleton density is below 1.2 (silica density) because the foam walls are indeed bearing a large degree of mesoporosity with polydisperse (vermicular type) pore sizes ranging from 1 to 2 nm [26]. For the optical experiments in this study, we manufactured 25 samples with thicknesses varying between about 1 and 10 mm and a fixed radius of 3.5 mm (Fig. 1(a) , inset). The monoliths therefore have a lateral size comparable to their thickness, requiring the development of a theoretical model for diffusion in finite cylinders.
Theory and simulations

Model of diffusion in finite cylinders
We start from the diffusion equation for the energy density u(r,t)
where D = v t /3 is the diffusion constant for a statistically homogeneous and isotropic disordered medium, v is the energy velocity in the medium, t is the transport mean free path and μ a = 1/ a is the absorption coefficient of the material ( a being the material absorption length).
Considering invariance by rotation around the cylinder axis (say along z), the Laplacian operator can be written in cylindrical coordinates as
Performing the standard approach of separation of variables u(ρ, z,t) = P(ρ)Z(z)T (t), the diffusion equation leads to a system of three differential equations which can be solved directly to give
Here, C 1 , C 2 , C 3 and C 4 are constants, J 0 and Y 0 are zeroth-order Bessel functions of the first and second kinds, respectively, and λ z and λ ρ are the eigenvalues of the differential operators in z and ρ, respectively.
The constants and the eigenvalues are determined by applying the boundary conditions to u(ρ, z,t). The physical dimensions of the cylindrical system are defined by its radius R and its length L, see Fig. 2(a) . Due to the outgoing flux, the energy density in the medium does not equal zero at the physical boundaries but at a distance l e = 1+r 1−r 2 3 t away from it, where r is the internal reflection coefficient and t the transport mean free path [32] . We therefore apply absorbing boundary conditions on a system with extrapolated radius R e = R + l e and length L e = L + 2l e . The boundary conditions are the following.
From these conditions, we find a discrete set of eigenvalues, λ ρ,m = (α m /R e ) 2 D and λ z,n = (nπ/L e ) 2 D, where α m is the mth zero of J 0 . By applying the orthogonality relation between eigenmodes over the extrapolated volume of the system, we obtain an expression for the energy density:
In this last step, we assumed the initial energy density distribution (at t = 0) to be a disk of radius l ε at a depth
, where Θ is the Heaviside function, and took the limit l ε → 0 to have a point source.
The energy flux is calculated using first Fick's law of diffusion
In practice, we are only interested in the flux that is transmitted (or reflected) along the z-axis, such that we can limit ourselves to the calculation of
. The partial derivative of u(ρ, z,t) with z is straightforward and leads to
To have the time-resolved transmission through a plane normal to the z-axis, we should integrate J z over the surface, as T (z,t) = 2π Finally, to get the total (steady-state) transmission (or reflection) along the z-axis of the cylinder, it is sufficient to integrate T (z,t) over time as T (z) = ∞ 0 T (z,t)dt, leading to
One can verify that, when R → ∞, Eqs. (13) and (14) converge correctly to the solutions for slab geometries. Equations (13) and (14) hold for all values of R and L and therefore generalize the standard expressions for slab geometries.
Comparison with Monte Carlo simulations
We now compare the analytical expressions for the time-resolved and steady-state transmission, Eqs. (13) and (14), with Monte Carlo simulations of unpolarized random walks in 3D finite cylinders, described schematically in Fig. 2(a) [33] . After many scattering events, the light polarization is completely scrambled, such that it can be safely omitted in the transport of the average energy density [34] . For the sake of simplicity, we consider a non-absorbing (μ a = 0) medium with a refractive index of 1 such that internal reflections can be neglected (r = 0) and v = 300 μm/ps. We recall that R e = R + l e , L e = L + 2l e and l e = 2 3 t . The source should be placed one transport mean free path away from the physical boundary, i.e. z 0 = l e + t , and the transmitted flux should be calculated at the physical boundary, i.e. z = l e + L.
Diffusion theory works well when the dimensions of the system, R and L, are both much larger than the transport mean free path t (typically by a factor of about 10) [35] . In addition, since we seek for situations in which the standard model of diffusion in slabs is inadequate, the sample diameter should be comparable to its thickness. To validate our model, we therefore choose the following parameters: t = 5 μm and L = R = 100 μm. The statistics was made on a total of 10 7 random walkers (10 realizations of 10 6 random walkers).
The results for the time-resolved transmission are shown in Fig. 2(b) , where an excellent agreement is found between the Monte Carlo simulations and our theoretical prediction for a finite cylinder, Eq. (13), while a strong deviation with the theoretical prediction for a slab is observed (see analytical expression in, e.g., [16] ). The exponential decay rate in a slab configuration, Γ = 0.4337 ps −1 , is underestimated by about 38 % (Γ = 0.7045 ps −1 ). An excellent agreement is also observed on the total transmission through the cylinder, where Monte Carlo simulations yield T = 0.049777 ± 0.000431 (95 % confidence interval) and Eq. (14) T = 0.049483, while the theoretical prediction for a slab gives T = 0.078125, that is overestimated by about 58 %. On this last point, we should point out that a very large number of terms in the sum over the sines and cosines is in general necessary to achieve convergence (here, 
Experiments and discussion
Let us first recall the structural and material parameters of the samples. The sample thickness L was varied between about 1 and 10 mm and their radius R was fixed to 3.5 mm. According to the mercury intrusion porosimetry measurements (Table 2) , the samples are composed by 91 % of air (in the form of inclusions) and, thus, 9 % of mesoporous SiO 2 with permittivity around 2.1. From these considerations and using the Maxwell Garnett mixing rule [36], we find that the effective refractive index of the medium for light propagation is n e f f ≈ 1.04. This is expected to modify slightly the average energy velocity in the medium v = c/n e f f , which enters the diffusion constant expression D, and yield a weak internal reflection coefficient r ≈ 0.059 in the expression of the extrapolated length l e [32] . At this point, two important comments are in place. First, one should realize that light propagation in foams with macroscopic inclusions differs quite significantly from that in more common powder-like samples, since light tends to propagate via the inclusion walls [37, 38] . The behavior of light at a sample interface may actually not be captured by an effective medium approach. In our samples, however, the dielectric contrast is very weak such that it is not expected to yield important changes in the diffusion properties reported below. Second, one should be aware that the common expression of the diffusion constant, D = v t /3, applies exclusively to disordered media exhibiting a statistically homogeneous distribution of scatterers. A more general formula for D was derived recently for media containing arbitrary pore-size distributions [39] . Considering the fair polydispersity of our samples, we expect the deviation on the retrieved t to be smaller than the accuracy of our measurements. Nevertheless, we believe that this could be an interesting aspect to consider in future investigations.
The total (steady-state) transmittance was determined on the whole visible spectrum from measurements of the total integrated forward scattering through the surface owing to a white light illumination lamp (fiber coupled white light HL-2000-HP-FHSA, Ocean Optics) combined with an integrating sphere (fiber coupled integrating sphere FOIS-1, Ocean Optics) and a spectrometer (fiber spectrometer USB2000+VIS-NIR, Ocean Optics). The time-resolved transmission profiles were obtained from a histogram of time delays for single photons travelling across the sample relative to the incident pulse, and were recorded with a time-resolved setup consisting of a streak camera (HAMAMATSU Streak Scope C10627). The excitation light was the frequency doubled output of the λ = 1030 nm wavelength, 10 MHz repetition rate, 300 fs line width pulses delivered by a diode-pumped Ytterbium femtosecond oscillator from Amplitude systems (t-Pulse 200). The beam was focussed to a 1 mW, 100 μm spot diameter on the slab; the transmission intensity was focussed on the entrance slit of the spectrograph.
Results for the steady-state transmission are shown in Fig. 3(a) for the 25 considered samples. Obviously, for each wavelength, the transmittance is a decreasing function of the sample thickness. Figure 3(b) shows the transmittance at a wavelength of 515 nm (for which subsequent time-resolved measurements will be performed) as a function of sample thickness. Clearly, it does not follow the well-known Ohm's law, which predicts that T ∝ t L [18] . Instead of a straight line with a −1 slope on the log-log plot (black solid line), a more complex behavior is found, with a linear trend only present up to thicknesses of about 2 mm. A fit of these data with the stationary solution of the standard diffusion equation including absorption [20] yields t = 53 ± 18 μm and a = 1/μ a = 1.57 ± 0.21 mm (black dashed line), which is of the order of the samples size. Although the fit appears to be good, we remark that the deviation from the linear trend occurs when the thickness of the cylinder becomes comparable to its radius, a situation in which the lateral size of the sample simply cannot be neglected. This absorption length thus appears to account, at least partly, for the lateral "scattering losses". This is verified by fitting the experimental data with the analytical expression for the total transmission through finite diffusive cylinders, Eq. (14), yielding t = 48 ± 0.4 μm and a = 0.95 ± 0.35 m (red dashed line). This very long absorption length demonstrates that indeed the large decrease of the transmittance curve with sample thickness is a result of the finite lateral size of the SiO 2 (HIPE) monoliths and not to the material absorption. The curve expected for t = 48 μm and no absorption is also shown for comparison (red solid line), confirming that the actual role of material absorption is minor.
Besides these steady-state transmission measurements, performed as a function of sample thickness, it is interesting to validate the retrieved values on single samples. Most applications of the technique would indeed be performed with the use of only one specimen. Timedependent scattering allows to determine both t and a with a single measurement [19, 20] . Fig. 3(c) shows the time-of-flight experiments performed on two SiO 2 (HIPE) samples with thicknesses 3.2 mm (red stars) and 6.9 mm (blue circles). These profiles correspond to the convoluted responses of the instrument and of the monolith. Clearly, the samples exhibit a strongly multi-diffusive character, with photons being significantly delayed in the sample in both cases. As the thickness of the sample increases, so does the mean exit time of light. A small crack in the 6.9-mm thick sample (blue circles) caused a part of the excitation pulse to exit early, as observed by the shoulder at about 0.4 ns. These experimental temporal profiles have been compared to the predictions of the diffusion model in finite cylinders, Eq. (13), with the parameters determined previously, i.e. t = 48 μm and a = 0.95 m. Fig. 3(c) shows the predicted curves (solid lines), which are the convolutions of Eq. (13) with the excitation pulse. Experimental data and theoretical predictions match remarkably well, further showing the possibility to retrieve transport parameters in cylindrically-shaped diffusive materials.
As a last step, we note that the tails of the time-resolved profiles are described by a single exponential decay with a decay rate Γ, which is the lowest eigenvalue of the diffusion equation in the presence of absorption in Eq. (13), i.e.,
A plot of the measured decay rates, Γ, for all sample thicknesses L considered in this study at a wavelength of 515 nm is shown in Fig. 3(d 3 μm and a = 1.2 ± 3.7 m, which are in very good agreement with the values obtained from the steady-state measurements (Fig. 3(b) ). Again, a comparison with the curve expected for t = 48 μm and no absorption highlights the negligible role of material absorption, explaining also the very large uncertainty on a . This therefore confirms the validity of our transport parameter recovery and of our interpretation of the results.
Conclusion
In conclusion, we have investigated, both theoretically and experimentally, the diffusion of light in cylindrically-shaped disordered materials, whose diameter was comparable to their thickness. We have manufactured SiO 2 (HIPE) monoliths exhibiting a broad pore-size distribution centered around 19 μm. These systems resemble certain biological tissues and thus, could be used as testbeds for optical spectroscopy techniques. We have developed a model of diffusion in finite cylinders to obtain analytical expressions for the steady-state and time-resolved transmission along the cylinder axis. These expressions have been validated by a comparison with Monte Carlo random walk simulations. Steady-state and time-resolved measurements have been performed on samples with varying thickness and the transport mean free path and material absorption length have been retrieved from fits of the experimental curves with the derived analytical expressions. Our results unambiguously show that the scattering losses on the lateral sides of the cylinder behave in a similar way as material absorption losses. Thus, neglecting the finite lateral sample size in the retrieval of the photon transport parameters can lead to a significant error in the estimation of the material absorption length. On the other hand, the problem is completely resolved when the analytical expressions for diffusion in finite cylinders are used. The recognition of this geometrical effect may be important in several practical cases, including biological tissue samples, pharmaceutical tablets, and macroporous solar cell photoanodes.
